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Thermal explosion problem with a stochastic boundary:
quasi-stationary approximation and direct numerical modelling
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Abstract. This paper considers a stochastic modification of the Frank-Kamenetskiy problem of exothermic
reaction dynamics in a plane-parallel layer with random temperature fluctuations at the outer boundary as a means
of modeling the behavior of chemical reactors when operating under uncontrolled environment impacts. Unlike
deterministic formulations, such approaches take into account the possibility of a thermal explosion whose proba-
bility depends on the noise intensity. Based on random process theory, the conditions for achieving ignition in the
quasi-stationary approximation (i.e., when the thermal relaxation rate is much higher than the rate of temperature
change) are estimated. The possibility of using such a formulation to obtain an approximate relationship between
the parameters of the noise and the dynamic characteristics of ignition (expected thermal explosion time) is demon-
strated. The equation of non-stationary heat transfer in the reacting medium is solved numerically for a large num-
ber of random temperature trajectories at the boundary of the region of interest using a scheme combining explicit
approximation of the nonlinear source with implicit approximation of the temperature field. By comparing the two
approaches, the main regularities of non-stationary development of a thermal explosion in a stochastic environment
can be approximated with good accuracy. Such a comparison relies on dependencies obtained when solving the
quasi-stationary problem, taking into account a small correction for the critical temperature (marking the stability
boundary for the stationary problem). Distributions of ignition characteristics (ignition temperature, maximum am-
bient temperature, and ignition time) and their dependence on input parameters (reactivity and noise intensity) are
discussed.

Keywords: exothermic reaction, ignition, stochastic differential equations, numerical simulation

Funding. The research was carried out under the State Assignment Project (no. FWEU-2021-0005) of the Fun-
damental Research Program of the Russian Federation for the period of 2021-2030.

For citation: Donskoy I.G. Thermal explosion problem with a stochastic boundary: quasi-stationary approxi-
mation and direct numerical modelling. iPolytech Journal. 2025;29(4):513-526. https://doi.org/10.21285/1814-
3520-2025-4-513-526. EDN: MMLYGK.
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3apaua TennoBOro B3pbiBa CO CTOXaCTUUECKOU rpaHUuLLen:
KBa3ucTauMoHapHoe NpubAn)KeH1ue U NpAMoe YUCAEHHOoe
MOAEAUPOBaHUE

W.I. AoHckon™™
MHeTuTyT cuctem aHepretukn um. A.A. MeaeHTbeBa CO PAH, UpkyTck, Poccus

Pe3trome. Lienb paboTbl COCTOMT B UUCAEHHOM UCCAEAOBAHUKM CTOXaCTUUECKOW MoANDUKaLMK 3apaun OpaHka-Ka-
MEHELKOIO O Pa3BWUTUM IK3OTEPMUYECKON peaKkuun B MAOCKOMNAPaAAEAbHOM CAOE CO CAyYaMHbIMU GAYKTyaUMAaMU
Temnepatypbl Ha BHELIHEN rpaHuue. M3mMeHeHne TemnepaTtypbl 3apaeTcs CAydanHbIM NPOLECCOM (6POYHOBCKUM
ABWXEHMEM). Takasa 3apaya MOXET MOAEAMPOBaTb MOBEAEHUE HEKOTOPBIX TUMOB XMMUYECKUX PEAKTOPOB, Hanpumep,
npu ux pabote B YCAOBUSIX HEYNPaABASIEMbIX BHELLIHWX BO3AENCTBUIN. BaXHoe OTAMYME PacCMOTPEHHOWM NOCTaHOBKM
OT AETEPMWUHUPOBAHHOM 3aKAKOUYAETCS B TOM, UTO HaAMUMeE LyMa AOMYCKAET AOCTUXEHME KPUTUUECKUX YCAOBUM NPHU
AObIX HaYaAbHbIX YCAOBUSX. MeToAbI, MCMOAb3YEMbIE B paboTe, BKAKOUAKOT MateMaTUUeCcKyto TEOPUIO CAyYaMHbIX
NPOLLECCOB, a TaKXe YNCAEHHblE METOAbI PELLIEHUA CTOXaCcTUUeCKUX AnddepeHuUmanbHbIX ypaBHEHMI. C NOMOLLBIO 13-
BECTHbIX PE3YALTATOB TEOPUM CAyUYaMHbIX NPOLECCOB OLEHEHbLI YCAOBUA AOCTUXEHUS 3aXKMIraHUsl B KBa3WcTaUMoHap-
HOM MPUOAMXEHWMM (T.€. KOTA@ CKOPOCTb TEMAOBOM peAakcaLMi HAMHOIO BbilLE CKOPOCTH U3MEHEHUS TeMMNepaTypbl).
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MokasaHo, YTo B TaKOW MOCTAHOBKE MOXHO MOAYUYMTb MPUOAMXKEHHYIO 3aBMCUMMOCTb MEXAY MapameTpamMu CAyyan-
HOro 6AYXAQHUS U AMHAMUYECKUMW XapaKTEPUCTUKAMU 3aXUraHUs (OXMAAEMbIM BPEMEHEM AOCTUXEHWUS YCAOBUM
TENAOBOro B3pbiBa). Kpome 3T0ro, ypaBHEHUE HECTALMOHAPHOro TEMAOMEPEHOCA B pear1pyroLlen cpeae pellaercs
UMCAEHHO AAST BOABLLOIO KOAMYECTBA CAYUYaWHbIX TPAEKTOPUI TeMnepaTypbl Ha rpaHuue obaacti. AASE 3TOrO UCMOAb-
3yeTcsi KOMBMHMPOBAHHAsA cxemMa C IBHOM annpoKcUMaLMen HEAMHEMHOTO UCTOYHMKA U HEABHOM annpokcUMaLmen
TemnepatypHoro noas. CpaBHEHWE ABYX MOAXOAOB MOKA3aA0, YTO OCHOBHbIE 3aKOHOMEPHOCTU HECTALMOHAPHOrO pas-
BWTUSI TENAOBOTO B3PbiBa B CTOXaCTUUYECKOM CPeAE MOTYT BbiTb C XOPOLLEW TOUHOCTLIO NPUOBAMKEHBI 3aBUCUMOCTAMM,
KOTOPbIE MOAYYAOTCA M3 PeLleHUs KBa3UCTaLMOHAPHOM 3aAayuu C yYeTOM HEOOALLLOW KOPPEKTUPOBKU AAST KPWUTK-
YecKow TeMnepaTtypbl (OTBEYatOLLIEN TPaHULE YCTOMUYMBOCTU AAA CTALMOHAPHOM 3aaaun). MoAyueHbl pacnpeaeneHus
XapaKTePUCTUK 3aXMraHus (TeMMnepaTypbl 3aXnUraHus, MakCMManbHOM TeMMepaTypbl OKPYXatoLLen cpeabl, BpEMEHU
3aXUraHus) NP pasHbIX 3HAYEHUSIX PeaKLMOHHON CNOCOOHOCTU M MHTEHCUBHOCTM LLIyMa.

KaroueBble cnoBa: 3K30TEPMUUECKAs peaKkuusl, 3axuraHue, croxactmyeckme anddepeHumanbHble ypaBHEHMS,
YMCAEHHOE MOAEAMPOBaHWE

®uHaHcupoBaHHUe. PaboTa BbINMOAHEHA B paMKax NpoeKTa rocyAapCTBEHHOrO 3apaHus (no. FWEU-2021-0005)
nporpaMmmbl GyHAAMEHTaAbHbIX UccaepoBaHui PO Ha 2021-2030 1.

Ana uutnpoBanmsa: \oHckon W.I. 3apava TENAOBOro B3pbiBa CO CTOXaCTUUECKOW rpaHuLEN: KBa3uCTaLuMoHapHoe
NPUBAMXEHUE U NPSIMOE YUCAEHHOE MOAeAnpoBaHue // iPolytech Journal. 2025. T. 29. Ne 4. C. 513-526. (In Eng.).

https://doi.org/10.21285/1814-3520-2025-4-513-526. EDN: MMLYGK.

INTRODUCTION

Chemical reactions often occur under con-
ditions with dynamic variations of tempera-
ture, pressure, and concentrations. The aver-
age rate of a chemical reaction cannot always
be estimated by the average values of the de-
termining parameters. In the simplest cases,
variations in conditions can be represented as
noise with given spectral characteristics. How-
ever, the influence of these characteristics on
the reaction rate (in particular) and the stabil-
ity of the reaction system (in general) is an im-
portant task which requires special research
for each individual set of chemical reactions
and range of conditions.

Fluctuation processes are particularly im-
portant in relation to problems related to the
thermal stability of exothermic chemical re-
actors and other heat-generating devices, for
example, in the study of emergency modes of
electrochemical elements and methods for
preventing them [1, 2].

The classic Frank-Kamenetskiy problem
involves determining the conditions for ther-
mal explosion (thermal ignition) in a sample
with competition between heat release due
to a chemical reaction and heat removal due
to thermal conductivity. If we neglect reagent
conversion, then the problem is reduced to
solving the following equation [3]:

90 9%0

E=a—€2+erxp(

e S

Here, 0 is the nondimensional tempera-
ture, t is the time (in Fourier number units),
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& is the spatial coordinate, Ar is the Arrhenius
number (usually a small parameter), and Fk is
Frank-Kamenetskiy number, which is a critical
parameter of the problem. The initial condition
is the uniform distribution of the temperature
6(0, &) = 0. The boundary conditions are as fol-
lows:

00 _ .00 — Bilg. —
a_f(t’o) _O,af(t,l)—Bl[Hb 6(t, D). (2)

If 6, = 0, Ar = 0 and Bi =, then the critical
value of Fko is about of 0.88. If Fk is greater
than Fko, then the problem (1)-(2) does not
have a stationary solution, and the tempera-
ture tends to infinity (thermal explosion oc-
curs). Naturally, the unbound increase in the
sample temperature is a result of an accepted
approximation, namely, conversion neglect: in
this case, we study ignition conditions, not the
development of a process after ignition.

Often, ignition occurs in environments
with stochastic perturbations of external pa-
rameters, for example, those associated with
natural causes (noise, flow instability). In this
regard, it is important to estimate the proba-
bility of ignition for a known range of such vari-
ations.

The influence of fluctuations on the de-
velopment of a thermal explosion in adiabat-
ic systems was investigated in [4-6], where
the different nature of fluctuation dynamics
in sub- and supercritical conditions was es-
tablished. Simpler models (for complex chem-
ical reactions under isothermal conditions)
were considered in [7-9], including stochastic

https://ipolytech.elpub.ru
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chain termination reaction [10]. Small reacting
systems were investigated in [11-13]. Linear
heat losses (Semenov’s problem) were studied
by the authors of [14, 15]; fluctuations of the
mass transfer coefficient for a heterogeneous
exothermic reaction - in [16].

As was pointed out in [17], there is mu-
tual influence of a chemical reaction and
transport processes at the fluctuation level
even despite the different tensor dimensions
of the corresponding flows. In [18, 19], the
mutual influence of a chemical reaction and
transport coefficients was considered; in
[20], the fluctuation-dissipation relations for
mass transfer and chemical reactions were
derived (in the absence of mass transfer,
such relations are given in [21, 22]). Markov
approximations for linear equations of chem-
ical kinetics were considered in [23, 24], and
in [25, 26], numerical algorithms based on
the Monte Carlo method were proposed for
their implementation (including those based
on splitting methods [27]). Bistable potentials
for reaction-diffusion equations were used to
study thermal stability in [28, 29]. The prob-
lem of thermal explosion with temperature
fluctuations was considered in [30, 31]; the
influence of reaction rate fluctuations on the
stability of flat samples was investigated in
[32] using the Lyapunov method.

In relation to the topic of the present work,
the works of Derevich and coauthors are of
interest, in which statistics of the behavior of
reacting particles in stochastic media were
studied [33, 34], as well as the influence of
the stochastic distribution of active centers in
porous catalytic granules [35] (a similar formu-
lation was also considered in [36] for simpler
symmetry). In [37] a one-dimensional problem
of a thermal explosion with temperature fluc-
tuations at the spherical symmetry boundary
was considered.

In the present work, a non-stationary
one-dimensional problem of heat conduction
with a nonlinear source and stochastic fluctu-
ations in the ambient temperature is numeri-
cally solved for cylindrical symmetry. The sub-
ject of interest is the dependence of the ex-
pected ignition characteristics (time, ambient
temperature, and heat fluxes on the particle
surface) on the intensity of fluctuations, which
are represented by white noise. We study the
influence of temperature fluctuations on the

https://ipolytech.elpub.ru

thermal ignition conditions of a flat sample
(layer). Unlike previous works, this article fo-
cuses on the environmental parameters that
lead to thermal explosion and the patterns of
the simulated ignition dynamics.

QUASI-STATIONARY THEORY

Quasi-stationary approximation is based
on a time-scale splitting: thermal relaxation is
considered fast enough to adapt to environ-
mental disturbances. This assumption is not
valid for high-amplitude impacts and near-ex-
plosion conditions, but it is quite reasonable
for subcritical modes with moderate noise
intensity. Using the quasi-stationary approxi-
mation, we can solve the dynamic problem for
boundary temperature only.

Let us consider the Frank-Kamenetskiy
problem with temperature fluctuations at the
outer boundary (in the environment). We will
assume that these fluctuations follow a Wie-
ner process:

d6, = o 5W. 3)

Then, we can write the diffusion equation
(Fokker-Planck equation) for the probability
density function of the environmental tem-
perature:

an _ 0'2 62P9
at 2 062,

(4)

We assume that the conditions in the sam-
ple are such that the Frank-Kamenetskiy num-
ber is below its critical value (Fko = 0.88). From
dimensional analysis, it follows that the critical
boundary temperature for the quasi-stationary
problem can be found by the following formula:

Flo 1 o;
Fk~ (A+arg))? P\1+4rg;)~ (5
~ exp(6)).

From here, we obtain:

0; 1<Fk°) (6)
o =M\ Fr )

If at the initial moment, the tempera-
ture at the boundary is zero, then the solu-
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tion to the diffusion equation (4) is the
fundamental solution to the heat equation
as long as the distribution is concentrat-
ed near zero (which results in Var[0,(t)] =
0°t). At later times, it is necessary to con-
sider that specific random trajectories do
not have physical meaning after ignition
conditions are reached. Therefore, let us
change the boundary conditions and con-
sider the diffusion equation with an ab-
sorbing boundary:

P(t,—) =0; P(t,0,) = 0. (7)

It can be shown that for the integral of P(t,
0) to be finite over the entire state space, it is
also necessary that:

oP .\
E(t' —o0) = 0. (8)

We integrate equation (4) over the state
space (possible boundary temperature val-
ues):

% 9P(t,y) a2 (% 92P(t,y)
f ——dy = —f ————dy =
o Ot 2 )., 0y?
, (9)
o° 0P o
2 aeb (t' b)'

The resulting equation shows that the
number of realizations corresponding to
different random trajectories decreases in
time due to absorption at the right boundary
(i.e., systems that have reached a critical tem-
perature do not evolve further). At low critical
temperatures, we can present the equation for
the distribution function in difference form (we
assume that most of the distribution is close
to zero):

(10)

~

dd o> @
dt = 2 (6;)%

Op
Here @(t) =f P(t,y)dy is the survival

probability, i.e., the probability that the sys-
tem has not reached critical conditions for
thermal ignition (has not drifted beyond the
right boundary). Then we can introduce a
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characteristic non-dimensional diffusion pa-
rameter:

2

I

(11)

This gives us an estimate of the half-life:

z<e;>zl_

(12)

T=0 I )

According to this equation, as the critical
temperature increases, the expected ignition
time also increases (in this case, the depen-
dence t ~ 62, which is expected for diffusion
processes, is observed). With increasing noise
intensity, the expected ignition time decreases
[32], a similar dependence is found.

Fig. 1 presents the result of the numerical
solution of the diffusion equation in a semi-in-
finite region with an absorbing boundary,
namely, the dependence of the ignition proba-
bility on time. There is an exponential decrease
in the survival probability ®s,. (correspond-
ingly, an increase in the ignition probability
Dign = 1 - Qg ); SOON after this, the curve tends
to zero (or, correspondingly, one) as t/2 (such
a slowdown is associated with trajectories that
move towards low temperatures and rarely re-
turn). The half-life appears to be quite close to
the above estimate. The plotted markers are
discussed below.

Upon closer examination, it turns out that
the boundary condition in the form of an ab-
sorbing boundary is a fairly rough approxima-
tion. It is necessary to solve the heat trans-
fer equation for a stochastic reacting medi-
um in a nonstationary form. The stochastic
equation for environmental temperature is
complemented by the thermal conductivity
equation in the medium. Then, the ignition
conditions are determined not only by the
possibility of achieving a critical environmen-
tal temperature but also by the propagation
of thermal disturbances in the medium. As
direct numerical modelling shows below,
situations are possible when exceeding the
critical temperature at the sample boundary
does not lead to the development of a ther-
mal explosion in a stochastic environment.
The stochastic dynamics of the environmen-
tal temperature lead, to the residence time

https://ipolytech.elpub.ru
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Fig. 1. Solution of the diffusion equation with an absorbing boundary (the markers are the results of calculations using the

Monte Carlo method with correction)

Puc. 1. PellieHne ypaBHEHUA AMDPY3HM C MOrAOLLAKLLEN rPaHULEN (MapKePbl — PE3yAbTaThbl PacyeToB C MCIOAb30BaHMEM

meToaa MoHTe-KapAo ¢ nonpasKoy)

in the supercritical region possibly being too
short for temperature disturbances to devel-
op. Thus, the only way to study the stochastic
problem of thermal explosion is direct nu-
merical simulation.

DIRECT NUMERICAL SIMULATION
For calculations, we use the following
semi-implicit difference scheme:

0;— 00 0;_1—260;+0;,, N
At h2

+ Fk il
“P\1are’)

The boundary conditions for this system of
difference equations are written as follows:

01 —0,=0;0y —0y_1 =hBi (0, —0y).(14)

We use the following parameter values for
calculations: spatial grid step 2x107%; time
grid step 1x103 (adaptation of the grid step
is needed, as a rule, only near the explosion
time; in this work, a time grid step is con-
stant, so the ignition time is determined up
to its value). Using explicit approximation for
the heat source in (13), we obtain a system of
linear equations that is solved by the tridiag-
onal matrix algorithm (the numerical solution
is described in more detail in [36, 38]). The

https://ipolytech.elpub.ru

stochastic equation for the boundary tempera-
ture has the following difference approxima-
tion (Euler-Maruyama method [39]):

6, = 09 + eo/At. (15)

Here, € is a normally distributed random
number with unit variance.

Let us consider ignition under conditions
where the initial state and parameters of the
problem at o = O correspond to subcritical con-
ditions. As mentioned above, the critical num-
ber Fko is 0.88 for Bi = oo and Ar = 0. Under Bi
= 1000 and Ar = 0.02, the critical number Fko
slightly increases to approximately 0.897 (a
time period of approximately 80 Fourier num-
bers is considered). The value Fk = 0.8 was
chosen as the deliberately subcritical mode.
Numerical calculations show that at this Fk, a
stationary solution is established with a max-
imum temperature of approximately 0.73. Ac-
cording to several papers [32, 33], the onset
of a thermal explosion in a stochastic system
is inevitable, although the expected ignition
time increases sharply with distance from the
stability limit [3]. For Fk = 0.8, the critical ig-
nition temperature is 0.118; the numerical
calculation is shown in Fig. 2, confirming the
validity of formula (6). The ignition criterion
in the calculations is the achievement of a
high temperature in the centre of the sample
(6(Tign, 0) > 10).
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Note that even at a value of Fk above the
critical value, there are random trajectories
leading to the region of low temperatures, so
the onset of a thermal explosion, in the gen-
eral case, is not guaranteed even for samples
with high reactivity (this effect can be seen
even for the quasi-stationary approximation in
(Fig. 1). Calculations show that for Fk = 1, the
probability of ignition after 40 temporal units
is 0.87 (for Fk = 2, it is already 0.98 but still
less than 1).

The overall calculation time for all the cas-
es is 40 temporal units (in this case, the time
unit corresponds to the Fourier number). The
ignition time, as mentioned above, increases
sharply when approaching the critical value
Fk, so calculating the exact limit is practically
impossible. The graph in Fig. 3 shows that the
ignition probability expectedly increases with
the time span. The behaviours of the curves in

2 5

1.8 -
1.6 -
1.4
1.2 4

o 1
0.8 -

ISSN 2782-6341 (online)

Fig. 1 and 3a qualitatively coincide (up to the
time scale).

We solve a system of equations with the ini-
tial condition 6(0, &) = O for different random
trajectories 6,(t) (a total of 1000 trajectories
for each value of 0) and study the distribution
of the resulting solutions. Note that the histo-
grams presented below contain only solutions
with successful ignition. The probability of igni-
tion @, calculated as the ratio of the number
of calculations with successful ignition to the
total number of calculations, is shown in Fig. 3:
this value does not exceed 0.87 for all consid-
ered parameter values. In this case, however,
only the ignition probability in a given time in-
terval is considered: as the previous analysis
shows, the ignition probability increases slowly
over large periods of time. The equipment of
multi-access center “High-temperature circuit”
was used for computations.

0.6 -
0.4
0.2

04 T .

------

0 10

50 60

Fig. 2. Temperature dynamics in the centre of the sample for a deterministic problem for Fk = 0.8 and different values of the

environment temperature

Puc. 2. AvHamuKa TeMnepaTtypbl B LIEHTPE 06pasLia AAS AETEPMUHUPOBAHHOM 3aAaum npu Fk = 0,8 1 Npu pasAnyHbIX 3HAUYEHMSIX

TemnepaTypbl OKpyXaroLLen cpeabl
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Fig. 3. Ignition probability vs calculation time, Fk number and noise intensity o
Puc. 3. 3aB1CHMOCTb BEPOSITHOCTH BOCTIAGMEHEHHS OT BPEMEHM pacyeta, Yucaa Fk u wara caydariHoro 6AyxaaHusa o
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CALCULATION RESULTS AND DISCUSSION

The results are presented in two types of
figures: histograms showing the distributions
from computational experiments (probability
is interpreted as relative frequency, Figs. 4-9);
and moments of these distributions (mean
and variance, Figs. 10 and 11).

As the step of the noise intensity o increases,
the variance of the temperature at which ignition
occurs also increases (Fig. 4). The maximum of
the distributions in all the cases is shifted toward
positive values of the dimensionless tempera-
ture. At 0 = 0.1, the distribution is concentrated
near 8;, = O, while at 0 > 0.7, the maximum of
the distribution is at 65, > 1$. Since the critical

0=0.1 0=0.2
100
150 100 80
g z 5 60
g 100 5 &
o > >
3 g 50 g 40
= 50 e e 20
0 0 0 —
14 0 1 2 3 14 0 1 2 3 10
eign eign
0=0.6 0=0.7
60
60 60
40
5 40 5 40 ]
g g g
o o o
g_j 20 .j'*f 20 S-f 20
0- 0- 0.
14 0 1 2 3 1 0 1 2 3 10
e\gn eign

temperature in this case is low, ignition requires
that the environment temperature remained in
the region 6, > 6," long enough for the thermal
disturbance to propagate throughout the sam-
ple. With a small g, the 6, values stay longer with-
in the ignition range after entering it, while with
larger variances, the temperature will change
more significantly. With increasing g, the fraction
of solutions with successful ignition increases
when the environmental temperature is lower
than the critical value. That is, if “no return” con-
ditions are achieved (i.e., thermal disturbances
developed enough), then the environmental tem-
perature decrease caused by the noise cannot
prevent ignition. Fig. 5 shows the values of the

0=0.3 0=04 0=0.5
80
5 60 5
[} [}
& 40 >
[0} [0}
£ 9p s
0L~
1 2 3 1 0 1 2 3
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0=0.8 0=0.9
50
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Fig. 4. Distribution of the environment temperature at the ignition moment for Fk = 0.8 and different o values
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highest achieved environment temperature (for
successful ignition solutions). The higher the av-
erage environmental temperature, the lower the
ignition time, as shown in Fig. 6. The fraction of
solutions with early ignition increases with noise
intensity.

Further, calculations were carried out for a
constant o with varying Fk. The ignition char-
acteristics were the same: the environmental
temperature at which ignition occurred, the
highest environment temperature reached be-
fore ignition, and the ignition time delay. In con-
trast to varying the noise intensity, varying the
value of Fk has little effect on the shape of the
ignition temperature distribution. As shown in
Fig. 7, an increase in reactivity leads to a shift
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in the distribution toward lower temperatures
(following eq. (6)). That is, after reaching the
ignition limits, the environment temperature
changes similarly for all values of Fk, which re-
sults from the randomness of the walk.

Fig. 8 shows similar shifts in the distribution
forthe maximum temperature. The left shoulder
of the distribution decays more sharply (since
ignition is less likely at low temperatures). The
right shoulder of the distribution follows the
same pattern as in the previous figure.

The higher the Fk value, the lower the igni-
tion temperature and, therefore, the less the av-
erage time needed to reach a critical tempera-
ture. The distribution of ignition times is then
concentrated in the region of small values.

N
o

0=0.3 0=04 0=0.5
80 100
& 60 z 80
5 S 60
T 40 >
LiL:’ :L_a 40
20
0 | TTT N NP | 0

P P

0 10 20 30 40

sl il ot
0 10 20 30 40

Tign Tign Tign
0=0.8

0=0.9

50‘

0 10 20 30 40

100

Frequency

Frequency
(o))
o o
Q
1
-

[ PR B}

0 10 20 30 40

Fig. 6. Distribution of ignition time for Fk = 0.8 and different o values
Puc. 6. PacripesereHne Bpemenu 3axuraHmns ars Fk = 0,8 1 pasAnyHbIX 3Ha4YeHui o

Fk=0.1 Fk=0.2
40
30

> .30

220 e

S S 20

(5] (0]

& 10 £

=
o

o

0 L II
21012 3 456

eign eign
Fk=0.5 Fk=0.6

40 50
> 30 > 40
o o
& & 30
= 20 >
(&) (o)
= i 20

0 10

Oln ud 0 .k .

2 -1 01 2 3 4 5 6 2 -1 012 3 45 6

Bign Oign

210123465 6

=
o

Fk=0.3 Fk=0.4
50
40
_ .30
2 30 <3
3 $ 20
g 20 5
i =
0 0

210123456
e\gn
Fk=0.8

210123456

wgn

Fk=0.7

Frequency
O TN TN
o o o O
Frequency
2 N W A O
o O O o ©
F-

0 = . 0 ke
21012 3 45 6 2 -1 0 12 3 45 6
G‘gn e\gn

Fig. 7. Distribution at the environment temperature at the ignition moment for o = 1 and different Fk values
Puc. 7. PacrnipesereHune Temnepartypbl OKpyXaroLLen CPEAbI B MOMEHT BOCIAGMEHEHUS Mpyu 0 = 1 1 pasAnyHbix 3Ha4eHnsax Fk

520

https://ipolytech.elpub.ru


https://ipolytech.elpub.ru

Donskoy I.G. Thermal explosion problem with a stochastic boundary: quasi-stationary approximation and direct numerical modelling

AoHckow U.I. 3asaya TennoBoro B3pbIBa CO CTOXaCTMYECKOM rpaHu1LEeN: KBasuctaLumoHapHoe I'lpMé/\M)KeHMe n rnpamMmoe YNCAEHHOE...

Fk=0.1 Fk=0.2
50
40 60
g &
S 30 S 40
=l =1
123 o3
® 20 5}
i i 20
10
0l . 0
01 2 3 4 5 6 01 2 3 4 5
Bmax emax
Fk=0.5 Fk=0.6
60
= > 60
g c
S 40 S 40
o 8
* 20 “ 20
0 S 0 -
01 2 3 4 5 6 01 2 3 4 5

Omax Ormax

Fk=0.3 Fk=0.4
60 60
& &
g 40 G 40
p=} p=}
g g
@ 20 & 20
0 - 0 =
01 2 3 4 5 6 0 1 2 3 4 5 6
Smax emax
Fk=0.7 Fk=0.8

Frequency

N A O

o © o & o
Frequency

N B ()] o]

S o o© o

OL.
01 2 3 4 5 6

Omax Ormax

Fig. 8. Distribution of the maximum environment temperature achieved during random walks for o = 1 and different Fk values
Puc. 8. PacnipeseneHne MakcUMaAbHOM TeMIePaTypbl OKPYXatoLLEH CPEAbI, AOCTUTHYTON NPU CAydarHbIX OAYXAaHMSIX, AT O =1

1 ANS PA3AMYHBIX 3HaYeHMI Fk

Fk=0.1 Fk=0.2
30 40
> >
% 20 % 30
> >
5 g 20
T 10 fr
= 10
0 0 1]
0 10 20 30 40 0 10 20 30 40
eign e\gn
Fk=0.5 Fk=0.6
Z 80 z
& q§ 100
g 00 g
i 40 £ 50
20
0 Ml 2 u B 0
0 10 20 30 40 0 10 20 30 4
Gign e\gn

Fk=0.3 Fk=0.4
100
60
_ 80
> o
% 40 & 60
g >
g £ 40
+ 20 w
20
0 0 -
0 10 20 30 40 0 10 20 30 40
eign e\gn
Fk=0.7 Fk=0.8
200
150
> = 150
£ 100 5
g 2 100
= 50

00 10 20 30 40
eign e\gn

Fig. 9. Distribution of ignition times for 0 = 1 and different Fk values
Puc. 9. PacnipeaereHne BPEMEHU 3aXuraHusi AAS 0 = 1 v AAS pa3AMYHbIX 3HaYeHi Fk

Figs. 10 and 11 show the changes in mo-
ments. As indicated earlier, with increasing
noise intensity, the variance of the character-
istic temperature increases, and this growth
is approximately linear. With a constant noise
intensity, the distribution temperature width
changes slightly, while the dependences of
critical temperatures on variance follow qual-
itatively eq. (6) but with a shift relative to the
y-axis (1-2 temperature units). The variance
of the ignition temperature distribution for all
the cases is greater than the variance of the
maximum temperature distribution. This dif-
ference may be explained by the difference
in the time scales of heating and ignition. The

reaction rate is approximately constant along
the curves in the graphs; therefore, for igni-
tion to occur before the environmental tem-
perature drops and the sample cools, a higher
temperature is needed. The average reaction
rate increases by 5-10 times compared to the
reaction rate for quasi-stationary conditions,
which ensures that the sample ignites within
the thermal relaxation time.

Average ignition time decreases almost
monotonically with an increase of reactivity
and noise intensity (Fig. 11). Its variance does
not significantly change. It should be noted
that the values were calculated based on suc-
cessful ignition cases only.
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Thus, the influence of non-stationarity can
be reduced, with some degree of approxima-
tion, to a change in the critical temperature.
Indeed, the curve in Fig. 3 a, reduced to the
critical temperature from eq. (6) with a con-
stant additive term of 1.2 temperature units
(the average difference for Fig. 10 b), agrees
quite well with the results of the quasi-station-
ary analysis (4)-(8): this comparison is pre-
sented in Fig. 1 with circles.

The main result is the dependence of ex-
pected ignition time on reaction conditions:
this dependence can be used for the control of
reactive systems in stochastic environments
(for example, to detect runaway or to select a
method of extinguishing). This kind of problem

522

is of interest in energy storage systems design,
taking into account fire safety issues. Other
problems are also to be studied, including op-
timal control, collective effects in connected
heat networks, the “inverse” problem of ensur-
ing stable combustion, etc.

CONCLUSION

The paper shows that the development of a
thermal explosion in a stochastic environment
differs significantly from the predictions of
classical theory. A thermal explosion can occur
for arbitrarily low levels of reactivity because
there is a nonzero probability of reaching an
arbitrarily high ambient temperature; on the
other hand, even if a reactivity is higher than
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the critical value, the onset of a thermal explo-
sion is not guaranteed since there is a sym-
metric probability of achieving an arbitrarily
low temperature.

Calculations carried out using the Monte
Carlo method make it possible to estimate the
ignition probability depending on the parame-
ters of the problem (reactivity, noise intensity,
observation time). As the noise intensity in-
creases, the width of the characteristic tem-
perature distribution increases; with increas-

ing reactivity, the variance in the characteris-
tic temperatures practically does not change,
while the average values change qualitatively
in a way expected from quasi-stationary the-
ory. The average ignition time decreases with
increasing noise intensity and reactivity; the
variance in the ignition time distribution is
slightly reduced.

The results obtained can be applied to the
analysis of critical phenomena in stochastic
media.
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