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Abstract: The aim of this study is to apply a novel technique to control the accuracy and error of the Adomian de-
composition method (ADM) for solving nonlinear shallow water wave equation. The ADM is among semi-analytical and
powerful methods for solving many mathematical and engineering problems. We apply the Controle et Estimation Sto-
chastique des Arrondis de Calculs (CESTAC) method which is based on stochastic arithmetic (SA). Also instead of ap-
plying mathematical packages we use the Control of Accuracy and Debugging for Numerical Applications (CADNA) li-
brary. In this library we will write all codes using C++ programming codes. Applying the method we can find the optimal
numerical results, error and step of the ADM and they are the main novelties of this research. The numerical results
show the accuracy and efficiency of the novel scheme.
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AHHOmauyus. Llenbio gaHHoW paboTbl SABNSETCS NPUMEHEHWE HOBOW METOAMKM AN npoBedeHus 3pdeKTUBHOrO
KOHTPOIS TOYHOCTU U aHanm3a norpeLHoCTV NPUMEHEHNS METOAA pasnoxeHus AqoMnaHa Ans pelleHnst HEMMHENHOTOo
BOJTHOBOIro ypaBHEHUA MenKon BOAbl, BO3HMKaAKOLWEro npu BbINONTHEHUN pAda BaXHbIX 3ada4y B pPa3fiM4HbIX obnacTax
MaLIMHOCTPOEHMS 1 Teopun MaTtepuanoB. PaccMOTpeHbl Tpu BaxHbIX Criyyas: HaberaHue XUAKOCTU Ha MOMYMOCKuWe
Bepera, Ha 6epera ¢ yMepeHHbIM YKIIOHOM U Ha Bepera ¢ KpyTbIM YKNOHOM. B uccnegoBaHusx npuMeHancs metoa pas-
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noxeHus AoMMaHa, SBNAOLWMACA NOMyaHanMTUYeckum apdeKkTUBHBIM MeTOA0M, obnagarLmm 6onbluel rmbkocTbio,
YyeM npsiMoe pasnoxeHue B psg Tewnopa. B gaHHom nccnegoBaHum Mbl npumensieM metogq CESTAC (Contrdle et Esti-
mation STochastique des Arrondis de Calculs), ocHOBaHHbI Ha cToxacTudeckon apumeTuke. Takke BMECTO NPUMEHE-
HUSA CTaHAapTHbIX MaTeMaTuyecknx naketoB B pabore adhdeKkTMBHO ncnonb3oBaHa BubnnoTeka KOHTPONS TOYHOCTH W
otnagku ans yucnenHbix npunoxenuin CADNA (Control of Accuracy and Debugging for Numerical Applications). Mpo-
rpamMMHas peanusaums nogxoga ¢ ucrnonosoannem 6uonuotekn CADNA BbinonHeHa Ha C++ nog onepaunoHHYK Cu-
ctemy LINUX. BmecTo ucnonb3oBaHust TpaguLMoOHHON abCcomnoTHOW OWwmMBKKM, KOTopas OCHOBaHa Ha TOYHOM peLleHun K
He6OIbLLIOM NOPOrOBOM 3HAYEHMUW, UCMOSIb3YEM HOBOE NPaBWIIO OCTAHOBA, KOTOPOE OCHOBAHO Ha ABYX MOCNEA0BaTe N b-
HbIX NpubnuxeHmsx. OcHoBHas Teopema Metoga CESTAC nokasbiBaeT, YTO KONMMYECTBO OOLIMX 3HAYaLLMX LUMdp ABYX
nocrnegoBaTesibHbIX MPUOIMKEHUA NPAKTUYECKU PABHO KOMMYECTBY OOLIMX 3HAYALLMX LMGp TOYHOrO WU NPUBIIMKEHHOTO
pewenni. NpumeHeHne npeacTaBneHHon B paboTe MeTOAMKM NO3BOMMUAO NOMYYUTb ONTUMASbHbLIE YACTIEHHbIE PEe3yb-
TaTbl: HAWTU NOrPELLHOCTb U ONTUMANbHbIA War MeToAa pasnoxeHus AQOMWaHa, Yero He No3BoNANM AenaTb Knaccuye-
ckue nogxofel. B aTom 3aknoyaetcs ocHoBHas HOBM3HA paboThl. MMpuBeAEHbI pesynbTaThl TECTUPOBaHKS pa3paboTaH-
HOM YNCNEHHOW MOLENW ANS PELUEHUS yPaBHEHWS MENKOW BOAbl. Taknum 06pa3oM, Mpu NPoBEAEHUM YNCTEHHBIX pacye-
TOB C WCMNOMNb30BaHWEM NpeafiaraemMoro MeTofa pasnoxeHus AgomuaHa nNpoaeMOHCTPUPOBaHa BbICOKAs TOYHOCTb U
3(bbeKkTUBHOCTL pa3paboTaHHOro NoAxoda ANs peLleHnst HENMHEHOro BOJTHOBOTO YpaBHEHNS! MEIKOi BOAbI.

Knioyeenbie cnioea: BonHoBas 3adava Ha MeNKoBOAbE, MeTof pasnoxeHus AgomnaHa, metog CESTAC, 6ubnuote-
ka CADNA

Ana yumupoeaHus: Hoassrgam J1., Hoasrgam C., Cugopoe [. H. YucneHHas Banupauusi metoga pasnoXeHus
AZomnaHa Ans peLleHns HeMHeWHoro ypaBHeHus menkoin Bogbl // iPolytech Journal. 2021. T. 25. Ne 5. C. 623-632.
https://doi.org/10.21285/1814-3520-2021-5-623-632.

INTRODUCTION
Finding numerical and accurate methods for

down an inclined plane: consistent shallow-
water models.

solving wave equation is one of important topics
in applied mathematics [1-26]. The problem has
special and important applications to simulate
Tsunami phenomenon. Tsunamis can be cate-
gorized as long waves. In general form we apply
the solitary waves or combinations of negative
and positive solitary-like waves to simulate this
phenomenon. Also many other applications of
the shallow water wave problems can be found
in the field of metallurgy and materials science.
The horizontal centrifugal casting using shallow
water model has been discussed by Bohacek et
al. in [4]. Also Bresch et al. in [5] have focused
on some compressible fluid models specially the
shallow water system. In [13] Nobel and Vila
have discussed the thin power-law film flow

In this study we discuss the following prob-
lem which is the specific case of the run-up of
two dimensional long waves incident upon a uni-
form sloping beach connected to an open ocean
with a uniform depth (fig. 1).

We consider the following nonlinear shallow-
water equations:

U +uuy, + gn, =0,

where wave domain is displayed by 7, the depth
averaged velocity is showed by u, the variable
depth is presented by h, the acceleration of
gravity is ehibited by g. Also the initial conditions
are given

LTI T T P TV T T d T A T F T TP e i A T i I v dd T A7 i e

Fig. 1. Definition Sketch for solitary wave run-up
Puc. 1. 3cku3 onpedeneHus 0ns Habeza yeOUHEHHOU 80JIHbI
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3H
n(x,0) = Hsech? ’—3x;
4d (2)

u(x,0) =794

where the initial wave height and stationary ele-
vation are displayed by H and d respectively.

Noeiaghdam et al. in [15] applied the ho-
motopy analysis method for solving this prob-
lem. Approximate traveling wave solution has
been discussed by some authors in [1, 12]. A
new analytical solution for nonlinear shallow wa-
ter-wave equation can be found in [3]. In [2] the
stability analysis of two dimensional extended
shallow water wave equation has been illustrat-
ed. Also in [22] the space-time fractional shallow
water wave equation has been studied.

Adomian decomposition method is among
semi-analytical and powerful methods for solv-
ing many kinds of linear and non-linear prob-
lems. Solving Volterra integral equation with dis-
continuous kernel [18], first kind integral equa-
tions with hyper-singular kernels [20], ordinary
differential equations [10] and fuzzy Convection-
Diffusion equation [11] are only some of applica-
tions of the ADM.

In the mentioned papers and many other
studies the computations have been obtained
using floating point arithmetic (FPA). In FPA in
order to show the accuracy we should apply the
traditional conditions which are based on the
exact solution and ¢ as follows

|Q — Q)| <& 0r|Q; — Q4] S e (3)

In real life problems that we do not have ex-
act solution it will be impossible to use the con-
ditions. Also the optimal value of ¢ is unknown
for us. Thus choosing small or large values for ¢
either we will not be able to find the accurate
results or we will have many iterations without
improving the accuracy.

In this study instead of applying FPA, we use
SA and a novel condition based on successive
iterations Q; and Q;_, as

|Q1 - Q]—1| = @.0. (4)

ISSN 2500-1590 (online)

@.0 shows the informatical zero which can
be produced only in SA when we apply the
CESTAC method and the CADNA library. It
shows that number of common significant digits
(NCSDs) of two successive iterations are almost
zero. The CESTAC method has been presented
by Vignes and Laporte [21]. Also a French re-
search team has been improved the method and
also the library [6-9]. In [16] the CESTAC meth-
od has been applied to control the accuracy of a
nonlinear fractional order model of COVID-19. A
dynamical control on the reverse osmosis sys-
tem can be found in [14, 19]. Also in [17] the
CESTAC method has been used to validate the
results of numerical methods for solving integral
equations.

In this paper, we apply the famous Adomian
decomposition method for solving problem (1).
Also using the CESTAC method and the
CADNA library we try to control the accuracy of
the results. The main novelty of this study is to
find the optimal approximations, optimal error
and optimal step of the method.

ADOMIAN DECOMPOSITION METHOD
Consider the following problem:

Lu+R(u) + F(u) = g(t), )

where L is the operator of the highest-ordered
derivatives with respect to t and R is the re-
mainder of the linear operator. Also we show the
nonlinear term with F(u). We can write

Lu = g(t) — R(u) — F(u). (6)

Now we can define the following inverse
operator:

L= [ (. (7)

Applying the inverse operator L;* for both
sides of (7) we get

u=fo+lig®) ~RW-FWL (8

where f; is the solution of homogeneous equa-
tion Lu = 0 involving the constants of integra-
tion. The integration constants involved in the
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solution of the mentioned homogeneous equa-
tion are to be determined by the initial or bound-
ary condition according as the problem is initial-
value problem or boundary-value problem.

According to the ADM we can assume that
the solution can be obtained in the form of the
following series solution:

u(xr t) = Z;.lozﬂ un(xl t); (9)
and also for the nonlinear term F(u) we have

Fu) = Xn=o 4An, (10)

where

ar w0 i
Ay = = [F(220 2], _pom = 012, (11)
MAIN IDEA
Applying the following operators:
Ly = (12)

Ly =~

9
at’ ox’

and also the inverse operator L;! = fot (.)dt on
(1) we get

Len(e,t) + Lyu(x, RG] + Ly[ulx, t)n(x, )] = 0,

Lou(x, t) + u(x, t)Lyu(x, t) + gLyn(x, t) = 0. )
Now we can apply the inverse operator L;*  for both sides of (13) as
n(x, t) = n(x,0) = Ly Ly[u(x, )h(x)] = Lt Ly[u(x, )n(x, 1)], y
u(x, t) = u(x,0) — Ly [ux, t)Leu(x, )] — gL Le[n(x, )], "
According to the traditional ADM for nonline- By = ugy Uy,
ar terms un and uu, the following terms can be
applied By = ug,Uq + Uiy,
un = Ynzo An Uty = Xm0 By (15) By = UgelUp + Uy + Upyly, (17)
where B3 = ug,uz + Uy + Upy Uy + Uz,
Ao = tolo, ) Thus substituting
Ay = ughy + ugMo, ) N6 t) = X 0 (x,8), o
Ay = ugny +ugny + upno, W) = T2 1, (1, 1),
Az = ugnz + ugn; + upny + usto, in (14) we get
and
Tr=0 (2, t) = n(x,0) = L Ly [E70 un (6, )R(0)] — Lt Ly [Ero Anl, o
Y=o Un(x,t) = u(x,0) = Ly [X50 Bu] — gLt La[Erzo M (x, £)]-
626 https://vestirgtu.elpub.ru
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Following Adomian approach we obtain the
following recursive relation:

no(x, 1) =n(x,0),
ug(x, t) = u(x, 0),

nk+1(x' t)
= —L{le[uk(x, t)h(X)] - Lzle[Ak]'

Ug41(x, 1)

(20)

= —L;*[By]
— gLy Ly [y (x, D).

The m-th order approximate solution can be
obtained using the following relations
M (%, t) = Yo Na(x, 0),

(21)
U (x,t) = Xnzo Un(x, b).

CESTAC method-CADNA library. Assume
that some representable values are produced by
computer and they are collected in set A. Then
W € A can be produced for w € R with R man-
tissa bits of the binary FPA in the following form

ISSN 2500-1590 (online)

where sign of w showed by y, missing segment
of the mantissa presented by 2-%¢ and the bina-
ry exponent of the result characterized by E.
Moreover, in single and double precisions
R = 24,53 respectively [6, 21, 23].

Assume ¢ is the casual variable that uniform-
ly distributed on [—1,1]. After making perturba-
tion on final mantissa bit of w we will have (u)
and (o) as mean and standard deviation for re-
sults of W which they have important role in ac-
curacy of W. Repeating this process ] times for
W;,,i=1,...,] we will have quasi Gaussian dis-
tribution for results. It means that u for these da-
ta equals to the exact w. It is clear that we
should find u and ¢ based on W;,i = 1,...,]. For
more consideration, the following algorithm is
presented where t; is the value of T distribution
as the confidence interval is 1—-§ with J -1
freedom degree [7-9]. We should note that in
the CESTAC method instead of applying usual
applications such as Mathematica and Maple we
use the CADNA library [23].

Definition 1. [15, 16] Number of common
significant digits for two real numbers y;, x, can
be defined as

W =w— y2E7%¢, (22)
Xitke | _ 11
B logyg |2(X1_X2) = logy P 2| X1 F X ,
Coxs = (23)
+0, X1 = X2

Theorem 1. Applying the ADM for solving
the shallow water wave problem (1), the NCSDs
of the exact and approximate solutions are al-
most equal to the NCSDs of two successive ap-
proximations as

Commir = Cons

Cum,um+ 1 ~ Cu,um '

NUMERICAL ILLUSTRATIONS

Assuming H = 2 and d = 20, we discuss the
results in three forms 1 — Semi-flat shores
(h(x) = 0.2x — 20), 2 — Moderate-slope shores
(h(x) =x—=100), 3 - Sharp-slope shores

(h(x) = 5x — 500). We apply the ADM for solv-
ing problem (1) and we use the CESTAC meth-
od and the CADNA library to validate the results.
Fig. 2, 3 and 4 show the approximate solutions
for the mentioned shores for x =t = 0.1. Ac-
cording to results of tab. 1 and 2, optimal ap-
proximation and optimal error of method for
solving shallow water wave equation are ob-
tained. Thus the optimal approximation of u(x, t)
is 2.0006415328545538, the optimal step is
Mype = 6 and the optimal error 4.5 X 1075, Also,
for the approximate solution of n(x,t) is
1.401153672165483, the optimal step s
Mgpe = 6 and the optimal error 2.8 x 1075,
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! 1.0

Fig. 2. Approximate solution for semi-flat shores mode: a - n(x,t); b - u(x,t)
Puc. 2. lpubnuxeHHoe peweHue Ans pexuma nosoaux 6epezos: a — n(x,t); b - u(x,t)

Fig. 3. Approximate solution for moderate-slope shores mode: a - n(x,t); b - u(x,t)
Puc. 3. lpubnuxeHHoe peweHue 015 pexuma 6epe2oe ¢ yMepeHHbIM YKIoHOM: a — n(x,t); b — u(x,t)

Fig. 4. Approximate solution for sharp-slope shores mode: a — n(x,t); b — u(x,t)
Puc. 4. llpubnuxeHHoe peweHue 015 pexxuma 6epe2oe ¢ pe3kuM ykioHoM: a — n(x,t); b — u(x,t)
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Table 1. Applying the CESTAC method for numerical
results of u(x, t)

ISSN 2500-1590 (online)

Table 2. Applying the CESTAC method for numerical
results of n(x, t)

Tabnuua 1. [llpumeHeHne metoga CESTAC ang Tabnuua 2. [lpumeHenne metoga CESTAC ans
YUCNEHHBIX pe3ynbTaToB U(X,t) YUCNEHHBIX pe3ynbTaToB n(x,t)

m U |um - um+1| m N |71m - 71m+1|

1 1.9999962462046976 1.999996246 1 1.4006973710294601 1.4007

2 11.9999489773636574 4.72688 x 10~° 2 |1.4007378405649158 4.04695x 10~°

3 |2.0003222299202164 3.7325x 10~* 3 |1.4009610914243738 2.2325x 10~*

4 12.000504545245128 1.8231x 10™* 4 11.4010754534197702 1.143x 10~*

5 12.0005981472797174 9.36x 1075 5 ]1.401131280443496 5.58x 1075

6 |2.0006434267503708 4.5x 107° 6 [1.401159855883387 2.8x 1075

7 12.0006415328545538 @.0. 7 1.401153672165483 @.0.
CONCLUSIONS we tried to find the optimal approximation, step

The ADM is a good and accurate method for
solving linear and non-linear problems. Applying
the method we found the approximate solution
of the non-linear shallow water wave problem.
Combining the ADM with the CESTAC method

and error of the method. We applied the CADNA
library to find the results. Plotting the graphs of
approximate solution for semi-flat, moderate-
slope and sharp-slope shores we showed the
efficiency of the method.
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